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Abstract
A ﬂexural model of four-point bending fatigue that has been experimentally validated for human cortical bone under load control
was used to determine how load and displacement control testing aﬀects the fatigue behavior of human cortical bone in three-point
and symmetric four-point bending. Under load control, it was predicted that three-point bending produced no signiﬁcant diﬀerences
in fatigue life when compared to four-point bending. However, three-point bending produced less stiﬀness loss with increasing cycles
than four-point bending. In four-point bending, displacement control was predicted to produce about one and a half orders of
magnitude greater fatigue life when compared to load control. This prediction agrees with experimental observations of equine
cannon bone tested in load and displacement control (Gibson et al., 1998). Displacement controlled three-point bending was found to
produce approximately a 25% greater fatigue life when compared to load control. The prediction of longer fatigue life under
displacement control may have clinical relevance for the repair of damaged bone. The model can also be adapted to other geometric
conﬁgurations, including modeling of whole long bones, and with appropriate fatigue data, other cortical bone types.

1. Introduction
Long bones, such as the femur, experience repetitive
loads that involve ﬂexure, torsion, and compression. Ad
ditionally, cortical bone is a complex material that is
viscoelastic, damage dependent and self-repairing; there
fore, the loading history can substantially aﬀect results.
Microcracks or related damage, commonly reported in
fatigued bone, are a consequence of fatigue loading and
are a likely contributor to stress fractures or possibly a
mediator for remodeling (Burr et al., 1997; Carter et al.,
1977, 1981; Horn, 1993; Pattin et al., 1996, Schaﬄer et al.,
1994a, b; Zioupos et al., 1994). Some of the documented
eﬀects of fatigue damage in bone are decreased stiﬀness,
lower strength, and creep relaxation (Carter and Caler,
1985; Martin et al., 1996; Schaﬄer et al., 1994a, b).

The common conﬁgurations for ﬂexural testing of cor
tical bone are three- and four-point bending. In these
experiments, the bone is tested either whole, or machined
into small beam samples conforming to ASTM standards
for ﬂexural testing. The smaller samples provide a means
for determining the material behavior under known
loading and serve as a basis for constitutive modeling,
whereas the whole bone tests provide information
on how the material properties and structure aﬀect
performance.
For fatigue testing, the test sample may be repetitively
loaded at constant displacement amplitude, known as
displacement control, or at constant load amplitude,
known as load control. In displacement controlled fa
tigue, the load is continually being reduced to maintain
a constant beam displacement because of fatigue and
creep eﬀects. While there are some similarities between
these methods, it has been demonstrated for equine corti
cal bone that displacement controlled loading produces
a substantially longer fatigue life in four-point bending

when compared to load controlled four-point bending
(Gibson et al., 1998).
Since there are a variety of ﬂexural test methods,
an important question that needs to be addressed is
how the testing method aﬀects the results. The answer
would be beneﬁcial in the design of experiments as well as
in the interpretation of the results, and may provide
a means by which to compare the results with those in the
literature. A recently developed analytical model was
used to investigate the ﬂexural fatigue behavior of corti
cal bone and has been experimentally validated for fourpoint bending fatigue of cortical bone taken from the
human femur in load control (Griﬃn et al., 1997).
The objectives of the current work are to compare fatigue
life and damage accumulation characteristics of threeand four-point bending conﬁgurations under load and
displacement control.

2. Methods
The experimental data for the four-point bending un
der load control were conducted in accordance with
ASTM D790 M and a protocol has been developed in
our laboratories. The speciﬁc details are provided in the
literature (Gibson et al., 1995; Griﬃn et al., 1997; Martin
et al., 1996). A complete description of the analytical
model is provided elsewhere (Griﬃn et al., 1997), but
a brief description follows. Damage in ﬂexure is assumed
to be caused primarily by axial tension and compression
stresses and damage caused by shear is neglected. It is
further assumed that cortical bone can be modeled as
a ﬁber—matrix composite where the ﬁbers are considered
to be complete osteons and the matrix is the interstitial
bone composed of primary bone and remodeled osteon
fragments. Damage is described in terms which indepen
dently account for eﬀects in the ﬁbers and the matrix, and
the ‘damaged modulus’ is obtained using an isostrain rule
of mixtures similar to that used in modeling ceramic
matrix composites (Ramakrishnan and Jayaraman, 1993)
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range from zero, associated with an undamaged state, to
a maximum value of one, in a failed state.
The matrix damage evolution for tension loading is
modeled as a self-limiting process
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Here, D represents the matrix damage, K is the matrix
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the saturation level of damage to the matrix with K and
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q being constants.
Damage to the ﬁbers was assumed to evolve as a posit
ive feedback process that involves the level of damage in
the matrix and ﬁber damage
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where K is an osteonal damage rate coeﬃcient, and
3
K is an osteon/matrix damage interaction parameter.
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In compression, D is used for both damage terms in
e
Eq. (1) and is modeled as
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Here, K is the compression damage rate parameter,
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D "K <l, which represents incipient damage in the
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form of stress concentrations, such as Haversian or
Volkmann canals, which serve to initiate, or extend D ,
e
and p is the exponent of the stress dependence.
The elastic modulus (Eq. (1)) as a function of stress (<)
and the number of cycles (N) requires experimental data
to determine the parameters, K , p, and q applicable for
;
cortical bone. These are determined by substituting Eqs.
(2)—(4) into (1) and performing a nonlinear regression of
the resulting equation to fatigue data. The parameters for
the present analysis were derived from the human femur
data of Pattin et al. (1996), and the details are presented
elsewhere (Griﬃn et al., 1997).
The development of the ﬂexural fatigue model was
based on laminated beam theory (Agarwal and Brout
man, 1990). In this case, the lamellae represent regions of
diﬀerent levels of damage, hence diﬀerent elastic moduli,
rather than regions of diﬀerent initial material properties.
By use of a discretized laminated beam, the modulus can
vary throughout the beam as a function of the number of
cycles (N), stress (<), and spatial position (x and y).
Assuming that the beam is simply supported, the diﬀer
ential equation for the beam deﬂection, v , can be shown
to be
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where r, /, and y are functions of the elastic properties
and geometry of the section as described elsewhere (Grif
ﬁn et al., 1997).
The beam model is numerically integrated to ﬁnd the
deﬂection using a previously developed technique
(Mischke, 1978). For four-point bending with symmetric
ally placed supports and a center span of ¸/2, the total
applied load for the beam as calculated using beam
theory is
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Here
is the desired peak ﬂexural strain, and b, h and
ma
¸ are the width, depth, and supported length of the beam,
respectively. For three-point bending, assuming symmet
ric loading, the applied load to the beam is
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For both three- and four-point bending, only half the
beam needs to be considered due to the symmetry of
loading. For load control, the procedure involves ﬁrst
calculating the ﬂexural rigidity (y!/2/r in Eq. (5)) for
each segment of the beam. The elastic modulus of each
segment is calculated every cycle by using Eqs. (1) —(4)
depending on whether the loading was tension or com
pression. After calculating the ﬂexural rigidity, Eq. (5) is
numerically integrated to ﬁnd the deﬂection.
For displacement control, the procedure is similar to
that of load control except that the load is not known
from one cycle to the next because the increase of damage
reduces the stiﬀness of the beam, and consequently the
load. Therefore, an extra iterative step that involves in
cremental application of the load is needed until the
desired displacement limit is obtained. After the load is
calculated for the cycle, the procedure is simply like that
of load control: the damage is assessed, and if beam
failure has not occurred, the process is repeated until
failure is reached.

Fig. 1. (a) Load control fatigue life predictions for four-point bending
and (b) Load control fatigue life predictions for three-point bending.

3. Results
The fatigue life predictions for three- and four-point
bending in load control are nearly identical. Fig. 1 com
pares the fatigue life behavior of three- and four-point
bending in displacement control for initial ﬂexural
strains ranging from 5500 to 7500 f£. It is interesting to
note that there is little diﬀerence between the stiﬀness loss
for both beams until the last stage of failure, where the
modulus drops rapidly. In the case of load control, this
ﬁnal failure event is longer for displacement control than
load control. In Fig. 2a and b, only one half of the beam is
shown since the loading is symmetric. The damage is
gray-scale coded with black indicating complete failure.
For three-point bending, the damage is much more local
ized than four-point bending that spans much of the
length. In Fig. 3a, the model predictions for human femur
under displacement controlled four-point bending at
7500 and 5500 f£ graphically show the longer fatigue life
when compared to load control. Shown in Fig. 3b are
experimental data for equine metacarpal bone tissue that
was loaded in displacement control and load control at
10000 f£. The model predictions for human cortical bone
are qualitatively consistent with experimental observa
tions for equine metacarpal bone. Both show a very
much longer fatigue life for displacement control loading,

Fig. 2. (a) Predicted damage zone for at N"N !1 for four-point
r
bending and (b) Predicted damage zone for three-point bending at
N"N !1.
r

slightly less initial stiﬀness loss for displacement control,
and similar damage accumulation rates for displacement
control in the ﬁnal stage of failure.

Fig. 3. (a) Model predictions for human femoral bone under four-point
bending in load and displacement control at 5500 and 7500 f£. (b)
Experimental data for equine cannon bone in load and displacement
control at 10000 f£ tested under four-point bending (Gibson et al.,
1997).

4. Discussion
The objectives of this research were to use an analyti
cal model to determine how ﬂexural test conﬁguration
and loading method would inﬂuence the predicted fa
tigue life of cortical bone. The model shows that the
damage is not uniform and is strongly dependent on the
loading conﬁguration (Fig. 2). To compare the model
predictions to experimental data, a damage modulus
based on the beam deﬂection is calculated using beam
theory assuming that the beam elastic modulus is uni
form. This damaged modulus is normalized with the
initial elastic modulus (E/E ) which then allows for com
o
parisons of model predictions to experiments that use the
same assumption.
In four-point bending, there is a large region of
damaged bone between the inner supports that is a result
of that material being exposed to the maximum ﬂexural
stresses. This large region of damaged bone produces
a substantial increase in apparent beam compliance dur
ing the fatigue test. In three-point bending, the maximum
ﬂexural stress is at the point of load application, but

linearly decreases to zero at the outer supports. The
result is a relatively small region of damaged bone, which
does not greatly aﬀect the stiﬀness of the beam.
The model fatigue life predictions for three-point
bending in displacement control were somewhat unex
pected. While displacement control was shown to pro
duce a longer fatigue life for three-point bending (on the
order of 25%) when compared to load control, this
diﬀerence is not nearly as profound as the one to two
order of magnitude greater fatigue life seen in fourpoint bending. The explanation for this behavior can be
found by considering how damage accumulates in threepoint bending as compared to four-point bending
(Fig. 2). Since damage in three-point bending is concen
trated near the point of load application, the overall
beam stiﬀness is not greatly aﬀected and the load is not
substantially reduced with increasing number of cycles,
as in four-point bending, resulting in prolonged high
stresses that lead to a more rapid failure in the former
case.
In displacement control mode, the load is reduced
continually throughout the fatigue life because as dam
age accumulates the beam becomes more compliant.
While we have no human femur data for load control
four point bending, a recent investigation for equine
cannon bone has demonstrated that the fatigue life in
displacement controlled four-point bending is as much as
two orders of magnitude longer when compared to load
control. This qualitative agreement is shown in Fig. 3.
Also, Carter and coworkers (1981, 1983) and Pattin et al.
(1996) have shown that strain control produces a longer
fatigue life than stress control which agrees qualitatively
with our predictions.
A possible weakness of the current formulation may
be associated with the fact that damage due to shear
load was neglected. One of the fundamental assumptions
was that damage was due to axially applied loads
in tension or compression and not shear. Shear was
neglected for two reasons: (1) we wanted to see if
the primary eﬀects of fatigue damage in bending were
dominated by tension and compression, and (2) we had
no data on damage accumulation in shear. In four-point
bending, this is probably a reasonable assumption since
the shear stress due to direct shear is zero between
the inner supports. For the conﬁguration under
consideration, that is half the beam length. In threepoint bending, neglecting shear stress may be a poor
assumption. However, if damage due to shear stress
produces a strong eﬀect, it is reasonable to assume that
the actual fatigue life would be no greater than that
predicted by the model.
Another factor that may contribute to a shortened
fatigue life in three-point bending is that there is a very
complicated stress state at the point of contact. Even if
shear stress is not important, three-point bending may
still produce a shorter fatigue life than predicted using

this model because of contact stresses. From Eqs. (6) and
(7), it can be seen that for three-point bending, the load
which will produce an equivalent ﬂexural strain at the
point of load contact is four times that of four-point
bending, since the overall load in four-point bending, P,
is divided equally between the two load points. These
factors suggest that four-point bending is a more desir
able testing conﬁguration for bone as it avoids an un
physiologic stress concentration.
When conducting tests for material behavior, it is
important to understand how the testing method inﬂuen
ces the data. Furthermore, bone is a very complicated
material that exhibits a variety of documented nonlinear
eﬀects such as viscoelasticity, creep, and damage-induced
stiﬀness reduction (Carter and Caler, 1981; Fondrk et al.,
1988; Gibson et al., 1996; Lakes and Katz, 1979;
Pattin et al., 1996). Because we were evaluating our
damage formulation, some of these eﬀects were not in
cluded in this study, although the model could accom
modate these. However, to obtain the cycle damage, the
load would need to be applied incrementally, and the
damage at each point would need to be determined by
iteration, in a manner similar to that of the ﬁnite element
method.
Some of the useful features of this fatigue model are
the ability to handle speciﬁc bending geometry and
ﬂexibility to be adapted to various materials. All that
would be required is that beam theory should be a rea
sonable approximation. The model could easily be
adapted to model the fatigue of a long bone such as the
human femur, tibia, or horse metacarpus. To be adapted
to other bone types, fatigue data for uniaxial stress con
trol data such as that of Pattin and coworkers are needed
(1996).
Our model predicts that load controlled tests in either
three- or four-point bending produce similar fatigue lives,
but stiﬀness loss in three-point bending is less than that
of four-point bending. The fatigue life in three-point
bending is slightly longer under displacement control
than load control. In four-point bending, displacement
control can produce a fatigue life up to two orders of
magnitude greater than load control at the same initial
ﬂexural strain.
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